@ Ch.1 - Functions and Models

Section 1.5 - Inverse Functions and Logarithms

- One-to-one function:

A function f is called one-to-one function if it never takes on the same value twice; that is,
flx) # f(xp) whenever x; # x,

Example 1

Is the function one-to-one?

(a) f(x) = x2 (b) f(x) = x°
Solution
(2) {(a)=Fb) (v) £ @) =fle
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Section 1.5 — Inverse Functions and Logarithms @

dewSe dls inverse function g one-to-one dls sl -

' A\
jﬁtfﬂcu) = \L (H)77°
o 5T

domain of f~1 = range of f

range of f~1 = domain of f

A sl
h ,gi S f_l &—1

1

% ?Lﬁﬂf_l(x)

inverse function duwSc dls o) dls> 3 -
f@O=y <& ==

Example 2

If (1) = 5, £(3) = 7, and £(8) = —10, find £~2(7), f~1(5), and f~(—10).

Solution
-

f (3)=1
— |

f (s) =1\
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@ Ch.1 - Functions and Models

- To find the inverse of a function
f(x) ooy usl-1

Y G dsleas x sl U= -2

x oo fTH(X) o ¥ OlSo x i -3

Example 3

Find the inverse function of f(x) = x3 + 2

Solution
N = < 2 @Zj,\:g\
3
> — 'ﬂ— Z

%ngxg_L @6\“\

{ (=) === @ skt

by
:/) =‘€<>:.)<: x dds Y LS oo slizall o3

inverse function dewS=l Al dwlyss Guaigo o3I Lidg

x iy dymey JIBS Li> Y 9 X canyS GuSRy podiud

==fl) L2 M=y

olle 48 &k pliidl o Loily o038 ol Bacl8 (ol uiey ¥ i3 Gl disdle 2o
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Section 1.5 — Inverse Functions and Logarithms @

- Cancellation equations:
f1(x) inverse function L f(x) dls <Y

fF@)=f1f@) =x

Slue & <D, ]
Dorovn f ".Dama"\€
—P f W ) — g =

=
»

x+2

f(x) =3x—2and f1(x) =

f(f"l(x))=3(x¢i)—2=x+2—;1=x

Example 4

If £(x) = x° 4+ x% + x, find f71(3) and f(f1(2))

Solution

Y = = -
o fE) =2

x = S .
7‘5 *Z; - lo:j cancz \(£H o

R R Z.ﬁu\qj"\‘ms
]C(\);S
-
f ()=t
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Y = x bl Js> dxdol A1l qus uSms inverse function duwSsll Ul o gabiios -
)’1/
f—l
ﬂ 4
| X
y=x _/

Example 5

Sketch the graphs of f(x) = V—1 — x and its inverse function using the same coordinate axes
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O,

exponential function dewdl Il inverse LuSc v logarithmic function dwei;leoll sl -

Exponent .3l
loga x =y

Base Lulwll
Logarithmic function

5 oladl e @l 5 Golw¥l iss
sl Gle oYl

by

Exponent w3l

a’ =x

Base Lulwll

Exponential function

Oweddl Lle

a#*lsa>0 wlodl:biio

einlesdll e cancellation equations Gudoiy

log,(a*) =x, Vx€eR
@lo8za ="y Vx>0
-Fory = f(x) =log, x y y=log, x
domain: (0, ) = Rt N
y=log; x
— -
- ’ - N > 1 1
P N
0 L\ \ X
y=logsx |

range: (—o0, ) = R

5> slughs?

—

a9

—

=9
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@ Ch.1 - Functions and Models

- Properties of logarithms
1l.log,1=0

2.log,a=1
3.log,a* =x

4.qloga¥ = x

- Laws of logarithms
1.log,(xy) =log, x + log, y

2.1og, (5) = loga x — loga ¥

3.log, x" =rlog, x

Example 6

Use the laws of logarithms to evaluate log, 80 — log, 5.

Solution

\og Ao — \0325 = lbﬂzag’%>
2

— lag (€

— 4 - 4:\4

- Natural Logarithms:
e 332l g Lged Lol oS Olaisylegll o duols Al

log.x =Inx

selsilly Guilodll s (sl iy ¥ oS log delS Jay In dals s

lnx=y <:> el =x

aa033673 Azha.education d o X o



Section 1.5 — Inverse Functions and Logarithms

- Properties of natural logarithms - Laws of natural logarithms
1.In1=0 1.In(xy) =Inx+Iny

X
2.lne=1 2.ln(;)—lnx—lny
3.Ine* =x 3.Inx" =rlnx
4. enx =y

Example 7

Find the value of x for the following:

(@)lnx=5 (b) e>~3*¥ = 10 (c)lnx =In30 +1n 10
Solution
(&) \n=="% .
e’ _ x (N/b’)“(}i/; N
o-33<
(b) & _\o
w7 e 2 Tt
5-3x = "\
5 __InlO0 = S =
i S — \V\ \o
- g

LC) \n Z = (V\ 20 + ln lo d;_/:)\()y@\

\V\ x = “/\ (30' \0)

X = $eo
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®

by
change of base formula slaxiwl inatural logarithm 4 eisleq] k._’si oo g
l In x
08y X = ——
Ba Ina
- Inverse Trigonometric Functions:
y
y=sinx
O o
PN % | N
—T g 7\/ X

—= —] syzall (9 hasd oS5 lg) inverse function JUlg one-to-one Cewd sinx dII

D{_"[’%'Bi3
A R, = [\, 17

203

sin"!x = arcsinx =y <:> siny = x
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Section 1.5 — Inverse Functions and Logarithms

sin!(sinx) = x

sin(sin"'x) = x for—-1<x<1

S\

Example 8
Evaluate
(a) sin™?! (1)
Solution
o=\ \
(a\) S C = ) = ==
x = il .

T =la

Rl T

SIEI
-

(b) tan (arcsin %)

() arasmn \2— = <~ —% =

. \ L w¥
SN o = ¢ é \OTF

) - >
s ton (S ’\g) S & = OT:EF_
2T

- tan (&) = °oPC - L .
3 3 ~) = [T
=3
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- The inverse cosine function

N TN, o TN 3
\_/ 71“0 %w 127 5w X

2

[0, ] 8,xall 3 bas ;9SS o) inverse function JLdbg one-to-one Cewd cosx Al

). A :C"/ﬂ]
‘F

R R,

= (-, )

coslx =1y <:> CoOsy =x where0 <y <m

—Df—l ==t} = Rp \F

Pf—\ = [ Olﬂ:S ;DF 0 0\1 X

cos1(cosx) =x for 0<x<m y

(}\OW\ a\.v’\

oS

cos(cos'x)=x for —1<x<1

AOM\I\ \

—\ 2
cS } \
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Section 1.5 — Inverse Functions and Logarithms @

- The inverse tangent function

(—g,g) 8]l 3 hao )9S5 L) inverse function %Jl.ﬂlgg one-to-one Cewd tan x dlaJl

¥y

D, = (= ()

oy
=)

P
\!
™

-1, _ — _r T i
tan""x =y <:> tany = x where S <Y <3 2

’_Df-‘\ — g = Q{: 0/'
(<

-\ =
f

tan"!(tanx) = x  for

gy~

tan(tan"'x) =x for Vx€R y
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Example 9

Simplify the expression cos(tan™! x).

Solution
=\
":aV\ > =Y \r\‘f ‘_
| =er=
’hdlv\n = 7t ae\‘j,—;\
-\ >3
v €05 (Yom <) b\ﬂf”; ="\
\
= +\
- Inverse of other trigonometric functions
csclx =y <:> cscy = x
>\ >\ o, ¢ ™ T
sec’lx =y <:> secy = x
= =\ < T ol
\ 2 ﬂ(Cvll)U[ﬂ‘bij

cot/lx=y <:> coty = x
> €T W& (o ™)
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Problems

- Determine whether the function is one-to-one

(a)
YA

=Y

(b) YA

=Y

(c) f(x) =x*—-16

Bl -t 6

A

One-f6-vne

o NL—No —2Nn]

NO<

one — f 6 — =L
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- Find a formula for the inverse of the function, and find its domain and range

(a) f(x) = —
L x —"
3 23

e — — 32 -0
29 - L
=\
f (=) . =3 -
2 >x — ¢
D@V\'\ﬂ\\f\

R :D*\
sz_qu,o (R{’:@/§2—S‘\

2 =L
>z = & _ 2
Z
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1-e™*

1+e™*

(b)y =
GG ST 2
v Ne =\-<

—

<
N = \=)

C'%C‘j-\—\\)—;\—j

e = =D o= 122
D+ | e Y+
Q.%; 9~
\=-D \
_ \3-\—\ a _ > 4!
o ‘V\L\—ﬂb — ]C<x')_\\/\(f\,x)
D)
{— \'\—C—X:O
Q—X:‘_—\
{ i’ \ N
";L.‘-;:;X‘ — e = - [\j O S £>\\gjt\¢5\f\
e 7
D - &
.(_‘
_\ I
R, = D
‘F _F 2 +\ — | e —+
>t ) | — = + + —
\ -3¢ 2 ° -
— . —
P S S {_*‘\/\S
I:>f—\ = C:— \‘ \)
F
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() f(x) =Vv1—x%2,0<x<1.

P2
)42: \ —
P = \_32 VvV Pz — — \]_\T\ZS- X
(‘QGQCJVQ&
—1 brewmss o> <\
7[ (»e) = \ — =
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- Find the exact value of each expression.

1
(a) logs —

—loa —
35 3

\ =
- \o
35

-3

|}

(b) In(1/€?)

-2
= \n e

J

-4
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Ch.1 - Functions and Models

(d) eln(ln e3)
(v L\v\ ) -
VN @ =

- Express the given quantity as a single logarithm.

3InCx +2)% + 7 x — In(x® + 3x + 2)°]

,\V\(‘(x—\—L) ‘l —+ , \n = — \Z\V\ C)cz_*_EZ-\—Z.)Z

\/2
\n (erz) 4 \n X\/z — \"\E (" 2= %-2-)1&

—_—
-—

= — N (%e"y3 = +2)
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- Solve each equation for x.

(a)In(x* —1) =3

(b)e?** —3e*+2=0
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- (a) Find the domain of f(x) = In(e* — 3).

4
€ — 3 > o

=z

e >

2

\ne” > In3

D= L\ = 7N ey

(b) Find £~ and its domain.

A= In (&-3)

> 4
e =< X3
A

1[— e = \n (€ +2)

Ec 4

& +% >0

€K>»3
o= 7=

Dfl
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Section 1.5 — Inverse Functions and Logarithms @

- Find the exact value of each expression.

(a) tan~1+/3

tm—\ﬁ = ¢

. = 11— = 600
3
(b) arctan(—1)
\ o
tan (1) = x ‘T

ﬁaV\x———"\ 7< A\\

> 1N ﬁMAV‘ch A

v
v tan 45 = | % Cosine
’ -1
. z

o )C-;—L{S‘:—-T\_L_r
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(c) sin"1(-1/v2)

7
S M E;L) = 3¢ 7< A
Sin 2 =— _\_ <% \

= Coswne
% N 7V\axJYOW\JC V2 ’/\Lz_
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(e) arcsin(sin(5m/4))

S ¢ A Tu«a\o\vﬂwﬁr T

N T
L
L 5
S~
L 4 /
S(v\ T _ @_
L 2 3T
2=
- WA (ST _ —${=z
RN =
-\ o
OASED I T

- Simplify the expression

sin(2 arccos x)

|
Co2S x ::‘j \ \ ™
43/,

<SS = <
¥ > A

sin (= C(D_S‘\z) =swn (2v)

= 2 51y sy

— ng\__xz -
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