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Section 2.3 – Calculating Limits Using the Limits Laws 

- Limit Laws: 
lim
௫→௔

[𝑓(𝑥) + 𝑔(𝑥)] = lim
௫→௔

𝑓(𝑥) + lim
௫→௔

𝑔(𝑥) (1) 

  
lim
௫→௔

[𝑓(𝑥) − 𝑔(𝑥)] = lim
௫→௔

𝑓(𝑥) − lim
௫→௔

𝑔(𝑥) (2) 

  
lim
௫→௔

[𝑐𝑓(𝑥)] = 𝑐 lim
௫→௔

𝑓(𝑥) (3) 

  
lim
௫→௔

[𝑓(𝑥)𝑔(𝑥)] = lim
௫→௔

𝑓(𝑥) ∙ lim
௫→௔

𝑔(𝑥) (4) 

  

lim
௫→௔

௙(௫)

௚(௫)
=

୪୧୫
ೣ→ೌ

௙(௫)

୪୧୫
ೣ→ೌ

௚(௫)
 if lim

௫→௔
𝑔(𝑥) ≠ 0 (5) 

 

 

 
 
 
 
 
 
 
 
 

 
 

Example 1 

Use the Limit Laws and the graphs of 𝑓 and 𝑔 in the figure to evaluate the following limits, if 
they exist. 
(a) lim

௫→ିଶ
[𝑓(𝑥) + 5𝑔(𝑥)] 

(b) lim
௫→ଵ

[𝑓(𝑥)𝑔(𝑥)] 

(c) lim
௫→ଶ

௙(௫)

௚(௫)
 

Solution 
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lim
௫→௔

[𝑓(𝑥)]௡ = ቂlim
௫→௔

𝑓(𝑥)ቃ
௡

 (6) 

  
lim
௫→௔

𝑐 = 𝑐 (7) 

  
lim
௫→௔

𝑥 = 𝑎 (8) 

  
lim
௫→௔

𝑥௡ = 𝑎௡ (9) 

  

lim
௫→௔

√𝑥
೙

= √𝑎
೙  (10) 

  

lim
௫→௔

ඥ𝑓(𝑥)
೙

= ටlim
௫→௔

𝑓(𝑥)೙  (11) 

 

 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

Example 2 

Evaluate the following limits and justify each step. 

(a) lim
௫→ହ

(2𝑥ଶ − 3𝑥 + 4)   (b) lim
௫→ହ

௫యାଶ௫మିଵ

ହିଷ௫
 

Solution 
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 لاحظ

 أشهر طرق الاختصار

1- Expand 

lim
௛→଴

(3 + ℎ)ଶ − 9

ℎ
= lim

௛→଴

9 + 6ℎ + ℎଶ − 9

ℎ
= lim

௛→଴

ℎ(6 + ℎ)

ℎ
= lim

௛→଴
6 + ℎ = 6 

 
 
2- Factor 

lim
௫→଴

𝑥ଶ + 𝑥 − 6

𝑥 − 2
= lim

௫→଴

(𝑥 + 3)(𝑥 − 2)

𝑥 − 2
 = lim

௫→଴
𝑥 + 3 = 3 

 
3- Conjugate 

lim
௧→଴

√௧మାଽିଷ

௧మ  = lim
௧→଴

√௧మାଽିଷ

௧మ ∙
√௧మାଽାଷ

√௧మାଽାଷ
= lim

௧→଴

൫௧మାଽ൯ିଽ

௧మ൫√௧మାଽାଷ൯
 

= lim
௧→଴

𝑡ଶ

𝑡ଶ൫√𝑡ଶ + 9 + 3൯
= lim

௧→଴

1

√𝑡ଶ + 9 + 3
=

1

3 + 3
=

1

6
 

 
4- Common denominator 

lim
௫→଴

൬
1

𝑥
−

1

𝑥(𝑥 + 1)
൰ = lim

௫→଴

(𝑥 + 1) − 1

𝑥(𝑥 + 1)
= lim

௫→଴

𝑥

𝑥(𝑥 + 1)
= lim

௫→଴

1

𝑥 + 1
= 1 

Example 3 

Find lim
௫→ଵ

௫మିଵ

௫ିଵ
 

Solution 

 



Section 2.3 – Calculating Limits Using the Limits Laws 

99033673          Azha.education   

4 

- Theorem 1: 
lim
௫→௔

𝑓(𝑥) = 𝐿  if and only if  lim
௫→௔ష

𝑓(𝑥) = lim
௫→௔శ

𝑓(𝑥) = 𝐿 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
- Theorem 2: 
If 𝑓(𝑥) ≤ 𝑔(𝑥) when 𝑥 is near 𝑎 (except possibly at 𝑎) and the limits of 𝑓 and 𝑔 both exist as 
𝑥 approaches 𝑎, then 

lim
௫→௔

𝑓(𝑥) ≤ lim
௫→௔

𝑔(𝑥) 

 
 
- Theorem 3: The Squeeze/Sandwich/Pinching Theorem 
If 𝑓(𝑥) ≤ 𝑔(𝑥) ≤ ℎ(𝑥) when 𝑥 is near 𝑎 (except possibly at 𝑎) and  

lim
௫→௔

𝑓(𝑥) = lim
௫→௔

ℎ(𝑥) = 𝐿 

Then 
lim
௫→௔

𝑔(𝑥) = 𝐿 

 
 
 
 
 

Example 4 

Prove that lim
௫→଴

|௫|

௫
 does not exist 

Solution 
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Example 5 

Show that lim
௫→଴

𝑥ଶ sin
ଵ

௫
= 0 

Solution 

 



Section 2.3 – Calculating Limits Using the Limits Laws 

99033673          Azha.education   

6 

Problems 

- Given that 𝒇(𝒙) = 𝒙 − 𝟐 and 𝒈(𝒙) = 𝒙𝟐 − 𝟐𝒙 

find the limits that exist. If the limit does not exist, explain why. 

(a) 𝐥𝐢𝐦
𝒙→𝟑

[𝒇(𝒙) + 𝟑𝒈(𝒙)] 

 

 

 

 

 

 

(b) 𝐥𝐢𝐦
𝒙→𝟏

[𝒈(𝒙)]𝟑 

 

 

 

 

 

 

(c) 𝐥𝐢𝐦
𝒙→𝟔

ඥ𝒇(𝒙) 
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- Given that 𝐥𝐢𝐦
𝒙→𝟐

𝒇(𝒙) = 𝟒 𝐥𝐢𝐦
𝒙→𝟐

𝒈(𝒙) = −𝟐 𝐥𝐢𝐦
𝒙→𝟐

𝒉(𝒙) = 𝟎    

find the limits that exist. If the limit does not exist, explain why. 

(a) 𝐥𝐢𝐦
𝒙→𝟐

𝟑𝒇(𝒙)

𝒈(𝒙)
 

 

 

 

 

(b) 𝐥𝐢𝐦
𝒙→𝟐

𝒈(𝒙)

𝒉(𝒙)
 

 

 

 

 

 

(c) 𝐥𝐢𝐦
𝒙→𝟐

𝒈(𝒙)𝒉(𝒙)

𝒇(𝒙)
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- The graphs of 𝒇 and 𝒈 are given. Use them to evaluate each limit, if it exists. 
If the limit does not exist, explain why. 

 

 

 

 

 

 

 

(a) 𝐥𝐢𝐦
𝒙→𝟐

[𝒇(𝒙) + 𝒈(𝒙)] 

 

 

 

 

 

(b) 𝐥𝐢𝐦
𝒙→𝟎

[𝒇(𝒙) − 𝒈(𝒙)] 

 

 

 

(c) 𝐥𝐢𝐦
𝒙→ି𝟏

[𝒇(𝒙)𝒈(𝒙)] 
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(d) 𝐥𝐢𝐦
𝒙→𝟑

𝒇(𝒙)

𝒈(𝒙)
 

 

 

 

 

 

(e) 𝐥𝐢𝐦
𝒙→𝟐

[𝒙𝟐𝒇(𝒙)] 

 

 

 

 

 

(f) 𝒇(−𝟏) + 𝐥𝐢𝐦
𝒙→ି𝟏

𝒈(𝒙) 
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- Evaluate the limit and justify each step by indicating the appropriate Limit 
Law(s). 

(a) 𝐥𝐢𝐦
𝒙→ି𝟏

(𝒙𝟐 + 𝒙)(𝟑𝒙𝟐 + 𝟔) 

 

 

 

 

 

 

 

 

 

 

 

(b) 𝐥𝐢𝐦
𝒖→ି𝟐

√𝒖𝟒 + 𝟑𝒖 + 𝟔 
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(c) 𝐥𝐢𝐦
𝒕→𝟐

ቀ
𝒕𝟐ି𝟐

𝒕𝟑ି𝟑𝒕ା𝟓
ቁ

𝟐
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- Evaluate the limit, if it exists. 

(a) 𝐥𝐢𝐦
𝒙→𝟐

𝒙𝟐ା𝒙ି𝟔

𝒙ି𝟐
 

 

 

 

 

 

 

(b) 𝐥𝐢𝐦
𝒕→ି𝟑

𝒕𝟐ି𝟗

𝟐𝒕𝟐ା𝟕𝒕ା𝟑
 

 

 

 

 

 

 

(c) 𝐥𝐢𝐦
𝒉→𝟎

(𝟐ା𝒉)𝟑ି𝟖

𝒉
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(d) 𝐥𝐢𝐦
𝒙→𝟑

𝒙ି𝟑

𝒙𝟑ି𝟐𝟕
 

 

 

 

 

 

 

 

(e) 𝐥𝐢𝐦
𝒙→ି𝟒

ඥ𝒙𝟐ା𝟗ି𝟓

𝒙ା𝟒
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- If 𝟒𝒙 − 𝟗 ≤ 𝒇(𝒙) ≤ 𝒙𝟐 − 𝟒𝒙 + 𝟕 for all 𝒙 ≥ 𝟎, evaluate 𝐥𝐢𝐦
𝒙→𝟒

𝒇(𝒙) 

 

 

 

 

 

 

 

 

 

 

 

- Find 𝐥𝐢𝐦
𝒙→𝟎

𝒙𝟒 𝐜𝐨𝐬
𝟐

𝒙
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- Prove that 𝐥𝐢𝐦
𝒙→𝟎శ

√𝒙𝒆𝐬𝐢𝐧(𝝅/𝒙) = 𝟎 
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- Find the limit, if it exists. If the limit does not exist, explain why. 

(a) 𝐥𝐢𝐦
𝒙→𝟑

(𝟐𝒙 + |𝒙 − 𝟑|) 

 

 

 

 

 

 

 

 

 

 

 

 

 

(b) 𝐥𝐢𝐦
𝒙→𝟎ష

ቀ
𝟏

𝒙
−

𝟏

|𝒙|
ቁ       (c) 𝐥𝐢𝐦

𝒙→𝟎శ
ቀ

𝟏

𝒙
−

𝟏

|𝒙|
ቁ 
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- Let 𝒈(𝒙) =
𝒙𝟐ା𝒙ି𝟔

|𝒙ି𝟐|
. 

(a) Find  

(i) 𝐥𝐢𝐦
𝒙→𝟐శ

𝒈(𝒙)  

 

 

 

 

 

 

(ii) 𝐥𝐢𝐦
𝒙→𝟐ష

𝒈(𝒙) 

 

 

 

 

 

 

(b) Does 𝐥𝐢𝐦
𝒙→𝟐

𝒈(𝒙) exist? 
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- If 𝐥𝐢𝐦
𝒙→𝟏

𝒇(𝒙)ି𝟖

𝒙ି𝟏
= 𝟏𝟎, find 𝐥𝐢𝐦

𝒙→𝟏
𝒇(𝒙) 

 

 

 

 

 

 

 

- Is there a number 𝒂 such that 

𝐥𝐢𝐦
𝒙→ି𝟐

𝟑𝒙𝟐 + 𝒂𝒙 + 𝒂 + 𝟑

𝒙𝟐 + 𝒙 − 𝟐
 

exists? If so, find the value of a and the value of the limit. 


