@ Ch.2 — Limits and Derivatives

Section 2.3 - Calculating Limits Using the Limits Laws

Limit Laws: \
lim[f () + g(0)] = lim £(x) + lim g(x) té (1

lim([ () = g(0)] = lim £ (x) ~ lim g (x) "
lim[cf ()] = ¢ lim f (%) Ve B

x—»ag(x)  lim g(x)

— -
m £ (x) )
lim £ = 2 if lim g(x) # 0 osQ’ ()
x—-a

- —

Example 1

Use the Limit Laws and the graphs of f and g in the figure to evaluate the following limits, if
they exist.

(a) lim [f(x) + 59 (x)]

(b) lim[f () g )]
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Section 2.3 — Calculating Limits Using the Limits Laws @

lim[£ (01" = [tim £ (0] ©)
chi_r)l;llc =c (7)

chi_r)rcllx =a (8)

3161_1)1{11 x™ = q" (9)
chl—r>rcl1 ’{[} = ’{[5 (10)
lim /7o) = "/}Cigglf(x) 1)

Example 2

Evaluate the following limits and justify each step.
x3+2x2%-1

. 2 - .
) lcl_r)ré(Zx 3x + 4) (b) lim o

x—5

Solution
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Example 3

Solution
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1- Expand -
~ (3+h)?*-9  9+6h+h* -9  h(6+h)
lim —— = lim = lim =lim6+h=6
h—0 h h—0 h h—0 h h—0
2- Factor ‘Jﬁ{
x2+x—6 x+3)(x—2
lim——— = limM =limx+3=3
x—0 X—2 x—0 X —2 x—0
.
3- Conjugate O}\_j\
li Vt2+9-3 li Vt2+9-3 V24943 li (t2+9)-9
50 2 f50 2 Verrers | 50 t2(Vt2+9+3)
t2 1 1 1
= lim = lim = =
A /t*OtZ(\/t2+9+3) t>0t2+9+3 3+3 6
4- Common denominator
I <1 1 )_ x+1H-1 x 5 1 g
wo\x  x(x+ 1) x50 x(x+1)  xox(x+1) xsox+1
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Section 2.3 — Calculating Limits Using the Limits Laws @

- Theorem 1:
lim f(x) =L if and only if lim f(x) = lim f(x)=1L
x-a x—-a~ x—at

Example 4

Prove that lim x does not exist
x-0 X

Solution .
i e \‘( 7L>/O
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- Theorem 2:

If f(x) < g(x) when x is near a (except possibly at a) and the limits of f and g both exist as
x approaches a, then

lim f(x) < lim g(x)
xX—a xX—a

- Theorem 3: The Squeeze/Sandwich/Pinching Theorem
If f(x) < g(x) < h(x) when x is near a (except possibly at a) and
lim f(x) =limh(x) =L
xX—a X—a
Then
limg(x) =1L
Xx—a
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Example 5

Show that lim x? sin% =0

x—0

i = 2™ o anA\ [\n 2 =2
—=0 - 6

N 2
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Problems
- Given that f(x) = x — 2 and g(x) = x* — 2x
find the limits that exist. If the limit does not exist, explain why.

(a) lim[£ (x) + 39 (%)]

(b) lim[g (x)]*

(c) lim /£ (x)
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@ Ch.2 — Limits and Derivatives

- Given thatlim f(x) = 4 limg(x) =-2 limh(x)=0
x—2 x—-2 x—-2

find the limits that exist. If the limit does not exist, explain why.

. 3f()
(a) lim =3

g
(b) lim 37

g
€ e
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Section 2.3 — Calculating Limits Using the Limits Laws

- The graphs of f and g are given. Use them to evaluate each limit, if it exists.
If the limit does not exist, explain why.

yl\

y = f(x) y=g)
¢ 1 N

/TN

o] 1 \/

=2 /

1 =y

(@) limf (x) + g ()]

(b) Lim[£ (x) — g(x)]

(@) lim [f ()9 ®)]
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@ Ch.2 — Limits and Derivatives

(€]
(d) lim =

(e) lim[x2f (x)]

() f(=1) + lim g(x)
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Section 2.3 — Calculating Limits Using the Limits Laws

- Evaluate the limit and justify each step by indicating the appropriate Limit
Law(s).

(a) xlirzll(xz + x)(3x% + 6)

(b) imvu*+3u+6
u--2
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2

i (552

t3-3t+5
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Section 2.3 — Calculating Limits Using the Limits Laws @

- Evaluate the limit, if it exists.

x*+x-6

(a) lim——

t?-9
(b) lim ——>—
t—>—3 2t“+7t+3

(c) lim @+h)°-8
h-0
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(d) lim ==3

x—3 x3-27
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Section 2.3 — Calculating Limits Using the Limits Laws @

-If4x — 9 < f(x) < x* —4x + 7 for all x > 0, evaluate lim f (x)
X—

- 2
- Find limx* cos =
x—0 X
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- Prove that lirggr Vxesin(m/x) = o
X
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Section 2.3 — Calculating Limits Using the Limits Laws

- Find the limit, if it exists. If the limit does not exist, explain why.

(a) lim(2x + |x — 3)|)
x—3

(b) lim (- ) (@) lim (- 1)

-0~ \x x| x-0+ \x  |x|
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x24+x-6
lx-2|

-letg(x) =
(a) Find

(i) lim g(x)

(i) lim g(x)

(b) Does lin21 g(x) exist?
X
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Section 2.3 — Calculating Limits Using the Limits Laws

1 lim £228
x->1 x—-1

= 10, find limf (x)
x—1

- Is there a number a such that

- 3x*+ax+a+3
lim
x>-2  x2+x-2

exists? If so, find the value of a and the value of the limit.
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