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Section 2.4 – The Precise Definition of a Limit 

- Precise Definition of a Limit:  

The limit of 𝒇(𝒙) as 𝒙 approaches 𝒂 is 𝑳 

lim
𝑥→𝑎

𝑓(𝑥) = 𝐿 

If for every number 𝜀 > 0 there is a number 𝛿 > 0 such that 

if 0 < |𝑥 − 𝑎| < 𝛿 then |𝑓(𝑥) − 𝐿| < 𝜀 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Example 1 

Use the definition of limits to prove that lim
𝑥→3

(4𝑥 − 5) = 7 

Solution 
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Example 2 

Prove the statement using the 𝜀, 𝛿 definition of a limit. 

(a) lim
𝑥→3

൫1 + 1

3
𝑥൯ = 2    (b) lim

𝑥→−2
൫1
2
𝑥 + 3൯ = 2 

Solution 
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- Precise Definition of an Infinite Limit:  

lim
𝑥→𝑎

𝑓(𝑥) = ∞ 

means that for every positive number 𝑀 there is a positive number 𝛿 such that 

if  0 < |𝑥 − 𝑎| < 𝛿 then 𝑓(𝑥) > 𝑀 

 

 

 

 

 

 

 

 

 

 

 

 

lim
𝑥→𝑎

𝑓(𝑥) = −∞ 

means that for every negative number 𝑁 there is a positive number 𝛿 such that 

if  0 < |𝑥 − 𝑎| < 𝛿 then 𝑓(𝑥) < 𝑁 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 رتذك

For lim
𝑥→𝑎+

𝑓(𝑥) = ±∞   or  lim
𝑥→𝑎−

𝑓(𝑥) = ±∞ 

𝑎 is a Vertical Asymptote. 



Section 2.4 – The Precise Definition of a Limit 

99033673          Azha.education   

4 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Example 3 

Find lim
𝑥→−1

1

𝑥+1
, and state the vertical asymptotes, if any. 

Solution 
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Problems 

- Prove the statement using the 𝜺, 𝜹 definition of a limit 

(a) 𝐥𝐢𝐦
𝒙→𝟏

(𝟐𝒙 + 𝟑) = 𝟓 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Section 2.4 – The Precise Definition of a Limit 

99033673          Azha.education   

6 

(b) 𝐥𝐢𝐦
𝒙→𝟏

𝟐+𝟒𝒙

𝟑
= 𝟐 
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(c) 𝐥𝐢𝐦
𝒙→𝟒

𝒙𝟐−𝟐𝒙−𝟖

𝒙−𝟒
= 𝟔 
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(d) 𝐥𝐢𝐦
𝒙→𝒂

𝒙 = 𝒂 

 

 

 

 

 

 

 

 

 

 

(e) 𝐥𝐢𝐦
𝒙→𝒂

𝒄 = 𝒄 
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- Find 𝐥𝐢𝐦
𝒙→𝟏−

𝒙𝟐−𝟔𝒙+𝟖

−𝟒𝒙+𝟒
, and state the vertical asymptotes, if any. 

 

 

 

 

 

 

 

 

 

 

- Find 𝐥𝐢𝐦
𝒙→𝟏+

𝒙𝟐−𝟔𝒙+𝟖

−𝟒𝒙+𝟒
, and state the vertical asymptotes, if any. 

 


