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Section 2.5 – Continuity 

- Continuity: 
A function 𝑓 is continuous at a number 𝒂 if 

lim
௫→௔

𝑓(𝑥) = 𝑓(𝑎) 

 

 

 

 
 
 
 

 
 
 
 
 
 
 
 

 

 
 
 
 
 
 

 
 

Example 1 

Where are each of the following functions discontinuous? 

(a) 𝑓(𝑥) =
௫మି௫ିଶ

௫ିଶ
    (b) 𝑓(𝑥) = ቐ

ଵ

௫మ     if    𝑥 ≠ 0

⬚
1    if    𝑥 = 0

 

Solution 
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 لاحظ

 discontinuity أنواع لل 3يوجد 
1. Removable Discontinuity 
 
 
 
 
 
 
 
 
 

  𝑓(𝑥) =
௫మି௫ିଶ

௫ିଶ
    𝑓(𝑥) = ቐ

௫మି௫ିଶ

௫ିଶ
    if    𝑥 ≠ 2

⬚
1          if         𝑥 = 2

 

 
2. Infinite Discontinuity 
 
 
 
 
 
 
 
 

𝑓(𝑥) = ൞

1

𝑥ଶ
    if    𝑥 ≠ 0

⬚
1       if      𝑥 = 0

 

 
3. Jump Discontinuity 
 
 
 
 
 
 
 
 

𝑓(𝑥) = ⟦𝑥⟧ 
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- One-side continuity: 
A function 𝑓 is continuous from the right at a number 𝒂 if 

lim
௫→௔శ

𝑓(𝑥) = 𝑓(𝑎) 

and 𝑓 is continuous from the left at 𝒂 if 
lim

௫→௔ష
𝑓(𝑥) = 𝑓(𝑎) 

 
 
- Continuity on an interval: 
A function 𝑓 is continuous on an interval (𝒂, 𝒃) if it is continuous at every number in the 
interval (on every point 𝑥 ∈ (𝑎, 𝑏)). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 

Example 2 

Show that the function 𝑓(𝑥) = 1 − √1 − 𝑥ଶ is continuous on the interval [−1,1]. 

Solution 
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- Theorem: 
If 𝑓 and 𝑔 are continuous at 𝑎, and 𝑐 is constant, then the following functions are also 
continuous at 𝑎: 
1. 𝑓 + 𝑔    2. 𝑓 − 𝑔    3. 𝑐𝑓 

4. 𝑓𝑔     5. ௙
௚

 if 𝑔(𝑎) ≠ 0 

 
 
- Theorem 
(a) Any polynomial is continuous everywhere; that is, it is continuous on ℝ = (−∞, ∞). 
 
 
 
(b) Any rational function is continuous wherever it is defined; that is, it is continuous on its 
domain. 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Example 3 

Find lim
௫→ିଶ

௫యାଶ௫మିଵ

ହିଷ௫
 

Solution 
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- Theorem: 
The following types of functions are continuous at every number in their domains: 

  :الدوال التالية متصلة عند كل القيم Ņû مجالها

• polynomials   • rational functions   • root functions   

• trigonometric functions    • inverse trigonometric functions   

• exponential functions    • logarithmic functions 

 

 

 

 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 

Example 4 

Where is the function 𝑓(𝑥) =
୪୬ ௫ା୲ୟ୬షభ ௫

௫మିଵ
 continuous? 

Solution 
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- Theorem: 

lim
௫→௔

𝑓൫𝑔(𝑥)൯ = 𝑓 ቀlim
௫→௔

𝑔(𝑥)ቁ 

 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Example 5 

Evaluate lim
௫→ଵ

arcsin ቀ
ଵି√௫

ଵି௫
ቁ. 

Solution 
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Example 6 

Where are the following functions continuous? 
(a) ℎ(𝑥) = sin(𝑥ଶ)   (b) 𝐹(𝑥) = ln(1 + cos 𝑥) 

Solution 
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- The Intermediate Value Theorem: 
Suppose that 𝑓 is continuous on the closed interval [𝑎, 𝑏] and let 𝑁 be any number between 
𝑓(𝑎) and 𝑓(𝑏), where 𝑓(𝑎) ≠ 𝑓(𝑏). Then there exists a number 𝑐 in (𝑎, 𝑏) such that 𝑓(𝑐) =

𝑁 
𝑓(𝑎) < 𝑁 < 𝑓(𝑏)  ∃𝑐 ∈ (𝑎, 𝑏) such that 𝑓(𝑐) = 𝑁 

 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Example 7 

Show that there is a root of the equation 4𝑥ଷ − 6𝑥ଶ + 3𝑥 − 2 = 0 between 1 and 2. 

Solution 
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Problems 

- From the graph of 𝒇, state the numbers at which 𝒇 is discontinuous and 
explain why. 

 

 

 

 

 

 

 

 

 

- From the graph of 𝒈, state the intervals on which 𝒈 is continuous. 
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- Use the definition of continuity and the properties of limits to show that the 
function is continuous at the given number 𝒂. 

(a) 𝒈(𝒕) =
𝒕𝟐ା𝟓𝒕

𝟐𝒕ା𝟏
,  𝒂 = 𝟐 

 

 

 

 

 

 

 

 

 

 

(b) 𝒇(𝒙) = 𝟑𝒙𝟒 − 𝟓𝒙 + √𝒙𝟐 + 𝟒
𝟑 , 𝒂 = 𝟐 
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- Use the definition of continuity and the properties of limits to show that the 
function is continuous on the given interval. 

𝒈(𝒙) =
𝒙ି𝟏

𝟑𝒙ା𝟔
,   (−∞, −𝟐) 
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- Explain why the function is discontinuous at the given number 𝒂. 

(a) 𝒇(𝒙) = ቐ

𝒙𝟐ି𝒙

𝒙𝟐ି𝟏
     if     𝒙 ≠ 𝟏

𝟏       if       𝒙 = 𝟏

   𝒂 = 𝟏 

 

 

 

 

 

 

 

 
 

(b) 𝒇(𝒙) = ൝
𝐜𝐨𝐬 𝒙        if       𝒙 < 𝟎
𝟎            if          𝒙 = 𝟎

𝟏 − 𝒙𝟐       if       𝒙 > 𝟎
   𝒂 = 𝟎 
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- State the interval of continuity for the function. 

(a) 𝑸(𝒙) =
√𝒙ି𝟐

𝟑

𝒙𝟑ି𝟐
 

 

 

 

 

 

 

 

 

 

 

(b) 𝑹(𝒕) =
𝒆𝐬𝐢𝐧 𝒕

𝟐ା𝐜𝐨𝐬 𝝅𝒕
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(c) 𝑩(𝒙) =
𝐭𝐚𝐧 𝒙

ඥ𝟒ି𝒙𝟐
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- Use continuity to evaluate the limit 

𝐥𝐢𝐦
𝒙→𝟒

𝟑ඥ𝒙𝟐ି𝟐𝒙ି𝟒 
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- Show that f is continuous on (−∞, ∞). 

𝒇(𝒙) = ቐ

𝐬𝐢𝐧 𝒙      if     𝒙 < 𝝅/𝟒

𝐜𝐨𝐬 𝒙      if     𝒙 ≥ 𝝅/𝟒
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- Find the numbers at which 𝒇 is discontinuous. 

𝒇(𝒙) = ൝
𝟐𝒙                if               𝒙 ≤ 𝟏
𝟑 − 𝒙        if       𝟏 < 𝒙 ≤ 𝟒

√𝒙                if              𝒙 > 𝟒
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- Find the values of 𝒂 and 𝒃 that make 𝒇 continuous everywhere. 

𝒇(𝒙) = ൞

𝒙𝟐 − 𝟒

𝒙 − 𝟐
            if          𝒙 < 𝟐

𝒂𝒙𝟐 − 𝒃𝒙 + 𝟑    if    𝟐 ≤ 𝒙 < 𝟑
𝟐𝒙 − 𝒂 + 𝒃           if         𝒙 ≥ 𝟑
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- Suppose 𝒇 and 𝒈 are continuous functions such that 𝒈(𝟐) = 𝟔 and 
𝐥𝐢𝐦
𝒙→𝟐

[𝟑𝒇(𝒙) + 𝒇(𝒙)𝒈(𝒙)] = 𝟑𝟔. Find 𝒇(𝟐). 
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- Let 𝒇(𝒙) = 𝟏/𝒙 and 𝒈(𝒙) = 𝟏/𝒙𝟐. 

(a) Find (𝒇 ∘ 𝒈)(𝒙). 

 

 

 

(b) Is 𝒇 ∘ 𝒈 continuous everywhere? Explain. 
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- Use the Intermediate Value Theorem to show that there is a root of the given 
equation in the specified interval. 

𝐥𝐧 𝒙 = 𝒙 − √𝒙,  (𝟐, 𝟑)  

 

 

 

 

 

 

 

 

 

 

 

 

- Prove that the equation has at least one real root. 

𝒙𝟒 + 𝒙 = 𝟑 


