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Section 3.3 – Derivatives of Trigonometric Functions 

- Derivative of Sine and Cosine  

𝑑

𝑑𝑥
sin 𝑥 = cos 𝑥 

𝑑

𝑑𝑥
cos 𝑥 = −sin 𝑥 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Example 1 

Differentiate 

(a) 𝑦 = 𝑥2 sin 𝑥   (b) 𝑓ሺ𝜃ሻ =
𝑠𝑖𝑛𝜃

1+cos𝜃
 

Solution 
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- Special limits of trigonometric functions 

lim
𝑥→0

sin 𝑥

𝑥
= lim

𝑥→0

𝑥

sin 𝑥
= 1 

lim
𝜃→0

cos 𝜃 − 1

𝜃
= 0 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Example 2 

Find the limit 

(a) lim
𝑥→0

sin7𝑥

4𝑥
     (b) lim

𝜃→0

cos𝜃−1

sin𝜃
 

Solution 
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 تذكر

sinሺ𝑥 ± 𝑦ሻ = sinሺ𝑥ሻ cosሺ𝑦ሻ ± cosሺ𝑥ሻ sinሺ𝑦ሻ 

cosሺ𝑥 ± 𝑦ሻ = cosሺ𝑥ሻ cosሺ𝑦ሻ ∓ sinሺ𝑥ሻ sinሺ𝑦ሻ 

 

Example 3 

Prove, using the definition of derivatives, that if 𝑓ሺ𝑥ሻ = cos 𝑥, then 𝑓′ሺ𝑥ሻ = −sin 𝑥. 

Solution 
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- Derivatives of Trigonometric Functions 

𝑑

𝑑𝑥
ሺsin 𝑥ሻ = cos 𝑥 

𝑑

𝑑𝑥
ሺcsc 𝑥ሻ = − csc 𝑥 cot 𝑥 

𝑑

𝑑𝑥
ሺcos 𝑥ሻ = − sin 𝑥 

𝑑

𝑑𝑥
ሺsec 𝑥ሻ = sec 𝑥 tan 𝑥 

𝑑

𝑑𝑥
ሺtan 𝑥ሻ = sec2 𝑥 

𝑑

𝑑𝑥
ሺcot 𝑥ሻ = −csc2 𝑥 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Solution 

 

Example 4 

Differentiate 𝑓ሺ𝑥ሻ =
sec𝑥

1+tan𝑥
. 

 تذكر

sin2 𝜃 cos2 𝜃 = 1 

1 + tan2 𝜃 = sec2 𝜃 

1 + cot2 𝜃 = csc2 𝜃 
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Example 5 

Find the limit lim
𝑥→0

sinቀ
1

𝑥
ቁ

ቀ
1

𝑥
ቁ

 

Solution 

 

Example 6 

Find the 27th derivative of cos 𝑥. 

Solution 
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Problems 

- Differentiate 

(a) 𝒚 = 𝟐 𝐬𝐞𝐜𝒙 − 𝐜𝐬𝐜𝒙 

 

 

 

 

(b) 𝒈ሺ𝒕ሻ = 𝟒 𝐬𝐞𝐜 𝒕 + 𝐭𝐚𝐧 𝒕 

 

 

 

 

(c) 𝒚 = 𝒆𝒖ሺ𝐜𝐨𝐬𝒖 + 𝒄𝒖ሻ 

 

 

 

 

 

(d) 𝒚 =
𝒙

𝟐−𝐭𝐚𝐧𝒙
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(e) 𝒚 = 𝐬𝐢𝐧𝜽 𝐜𝐨𝐬𝜽 

 

 

 

 

 

(f) 𝒚 =
𝐜𝐨𝐬 𝒙

𝟏−𝐬𝐢𝐧 𝒙
 

 

 

 

 

 

 

 

 

 

(g) 𝒇ሺ𝒕ሻ =
𝐬𝐢𝐧 𝒕

𝟏+𝐭𝐚𝐧 𝒕
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- Prove that 

𝒅

𝒅𝒙
ሺ𝐜𝐬𝐜 𝒙ሻ = −𝐜𝐬𝐜 𝒙 𝐜𝐨𝐭 𝒙 
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- Find an equation of the tangent line to the curve 𝒚 = 𝒆𝒙 𝐜𝐨𝐬𝒙 at ሺ𝟎. 𝟏ሻ. 

 

 

 

 

 

 

 

 

 

 

 

 

- If 𝑯ሺ𝜽ሻ = 𝜽𝐬𝐢𝐧𝜽, find 𝑯′ሺ𝜽ሻ and 𝑯′′ሺ𝜽ሻ. 
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- For what values of 𝒙 does the graph of 𝒇ሺ𝒙ሻ = 𝒙 + 𝟐𝐬𝐢𝐧𝒙 have a horizontal 

tangent? 
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- Find the limit 

(a) 𝐥𝐢𝐦
𝒙→𝟎

𝐬𝐢𝐧 𝒙

𝐬𝐢𝐧𝝅𝒙
 

 

 

 

 

 

 

(b) 𝐥𝐢𝐦
𝒕→𝟎

𝐭𝐚𝐧𝟔𝒕

𝐬𝐢𝐧 𝟐𝒕
 

 

 

 

 

 

 

 

(c) 𝐥𝐢𝐦
𝒙→𝟎

𝐬𝐢𝐧 𝟑𝒙

𝟓𝒙𝟑−𝟒𝒙
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(d) 𝐥𝐢𝐦
𝒙→𝝅/𝟒

𝟏−𝐭𝐚𝐧𝒙

𝐬𝐢𝐧 𝒙−𝐜𝐨𝐬 𝒙
 

 

 

 

 

 

 

 

 

 

(e) 𝐥𝐢𝐦
𝒙→𝟏

𝐬𝐢𝐧ሺ𝒙−𝟏ሻ

𝒙𝟐+𝒙−𝟐
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- Find the derivative 
𝒅𝟗𝟗

𝒅𝒙𝟗𝟗
ሺ𝐬𝐢𝐧𝒙ሻ 

 

 

 

 

 

 

 


