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Section 3.11 – Hyperbolic Functions 

- Definition of the Hyperbolic Functions 

sinh 𝑥 =
𝑒𝑥 − 𝑒−𝑥

2
 csch 𝑥 =

1

sinh 𝑥
 

cosh 𝑥 =
𝑒𝑥 + 𝑒−𝑥

2
 sech 𝑥 =

1

cosh 𝑥
 

tanh 𝑥 =
sinh 𝑥

cosh 𝑥
 coth 𝑥 =

cosh 𝑥

sinh 𝑥
 

 

 

 

 

 

 

 

 

 

 

 

 

Example 1 

Use the definitions of the hyperbolic functions to find each of the following limits. 

(a) lim
𝑥→∞

tanh 𝑥     (b) lim
𝑥→−∞

tanh 𝑥 

Solution 
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- Hyperbolic Identities 

sinh(−𝑥) = −sinh 𝑥    cosh(−𝑥) = cosh 𝑥 

cosh2 𝑥 − sinh2 𝑥 = 1           1 − tanh2 𝑥 = sech2 𝑥 

  sinh(𝑥 + 𝑦) = sinh 𝑥 cosh 𝑦 + cosh 𝑥 sinh𝑦 

  cosh(𝑥 + 𝑦) = cosh 𝑥 cosh 𝑦 + sinh 𝑥 sinh𝑦 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Example 2 

Prove (a) cosh2 𝑥 − sinh2 𝑥 = 1 and (b) 1 − tanh2 𝑥 = sech2 𝑥. 

Solution 
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- Derivatives of Hyperbolic Functions 

𝑑

𝑑𝑥
(sinh𝑥) = cosh 𝑥 

𝑑

𝑑𝑥
(csch 𝑥) = −csch 𝑥 coth 𝑥 

𝑑

𝑑𝑥
(cosh 𝑥) = sinh 𝑥 

𝑑

𝑑𝑥
(sech 𝑥) = −sech 𝑥 tanh𝑥 

𝑑

𝑑𝑥
(tanh𝑥) = sech2 𝑥 

𝑑

𝑑𝑥
(coth 𝑥) = −csch2 𝑥 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Example 3 

Prove 
𝑑

𝑑𝑥
(sinh 𝑥) = cosh 𝑥 

Solution 

 

Example 4 

Find the derivative of the following function 

(a) 𝑦 = coshξ𝑥 

(b) 𝑦 = csc 𝜋 + cosh 𝑥5 

Solution 
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Problems 

- Find the numerical value of each expression. 

(a) 𝐭𝐚𝐧𝐡𝟎 

 

 

 

(b) 𝐭𝐚𝐧𝐡𝟏 

 

 

 

 

 

 

(c) 𝐬𝐢𝐧𝐡𝟒 

 

 

 

(d) 𝐬𝐢𝐧𝐡(𝐥𝐧𝟒) 
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- Prove the identity 

(a) 𝐜𝐨𝐬𝐡(−𝒙) = 𝐜𝐨𝐬𝐡𝒙 

 

 

 

 

 

(b) 𝐜𝐨𝐬𝐡𝒙 − 𝐬𝐢𝐧𝐡𝒙 = 𝒆−𝒙 
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- Differentiate 

(a) 𝒚 = 𝐜𝐨𝐭𝐡(𝟏
𝒙
) + 𝐬𝐢𝐧𝐡(𝒙) 𝐭𝐚𝐧𝐡(𝟒𝒙𝟐) 

 

 

 

 

 

 

(b) 𝒚 = 𝐬𝐢𝐧𝐡(𝒙𝟐 + 𝟏)𝒙 


