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Section 3.4 – The Chain Rule 

- Composite functions  الدوال المركبة 

Given 𝑓(𝑥) = √𝑥 and 𝑔(𝑥) = 𝑥2 + 1 

𝐹(𝑥) = 𝑓 ∘ 𝑔 = 𝑓(𝑔(𝑥)) = √𝑥2 + 1 

 

 

 

 

- The Chain Rule: 

In prime notation 

𝐹′(𝑥) = 𝑓′(𝑔(𝑥)) ∙ 𝑔′(𝑥) 

 

 

In Leibniz notation 

𝑑𝑦

𝑑𝑥
=
𝑑𝑦

𝑑𝑢
∙
𝑑𝑢

𝑑𝑥
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Example 1 

Find 𝐹′(𝑥) if 𝐹(𝑥) = √𝑥2 + 1 

Solution 
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Example 2 

Differentiate: 

(a) 𝑦 = sin(𝑥2)    (b) 𝑦 = sin2 𝑥 

Solution 

 

 لاحظ

- Trigonometric Functions 

𝑑

𝑑𝑥
sin(𝑓(𝑥)) = 𝑓′(𝑥) ∙ cos(𝑓(𝑥)) 

𝑑

𝑑𝑥
csc 𝑓(𝑥) = 𝑓′(𝑥) ∙ − cot(𝑓(𝑥)) csc(𝑓(𝑥)) 

𝑑

𝑑𝑥
cos(𝑓(𝑥)) = 𝑓′(𝑥) ∙ − sin(𝑓(𝑥)) 

𝑑

𝑑𝑥
sec(𝑓(𝑥)) = 𝑓′(𝑥) ∙ tan(𝑓(𝑥)) sec(𝑓(𝑥)) 

𝑑

𝑑𝑥
tan(𝑓(𝑥)) = 𝑓′(𝑥) ∙ sec2(𝑓(𝑥)) 

𝑑

𝑑𝑥
cot(𝑓(𝑥)) = 𝑓′(𝑥) ∙ − csc2(𝑓(𝑥)) 
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- The Power Rule with the Chain Rule 

   
𝑑

𝑑𝑥
[𝑔(𝑥)]𝑛 = 𝑛[𝑔(𝑥)]𝑛−1 ∙ 𝑔′(𝑥) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Example 3 

Differentiate 𝑦 = (𝑥3 − 1)100 

Solution 

 

Solution 

 

Example 4 

Differentiate 𝑦 = (2𝑥 + 1)5(𝑥3 − 𝑥 + 1)4 
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Example 5 

Find 𝑓′(𝑥) if 𝑓(𝑥) =
1

√𝑥2+𝑥+1
3  

Solution 

 

Example 6 

Find the derivative of the function 

𝑔(𝑡) = ൬
𝑡 − 2

2𝑡 + 1
൰
9

 

Solution 
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- Exponential Function 

𝑑

𝑑𝑥
(𝑏𝑓(𝑥)) = 𝑓′(𝑥) ∙ 𝑏𝑓(𝑥) ln 𝑏 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Example 7 

Find the derivative of the function 𝑦 = 24𝑥 

Example 8 

Differentiate 𝑦 = 𝑒cos3𝜃. 

Solution 

 

Solution 
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Problems 

- Write the composite function in the form 𝒇(𝒈(𝒙)). [Identify the inner 

function 𝒖 = 𝒈(𝒙) and the outer function 𝒚 = 𝒇(𝒖)]. Then find the derivative 

𝒅𝒚/𝒅𝒙. 

(a) √𝟒 + 𝟑𝒙 

 

 

 

 

 

 

 

 

 

(b) 𝒚 = 𝐭𝐚𝐧(𝐬𝐢𝐧𝒙) 
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- Find the derivative of the function 

(a) 𝒇(𝒙) =
𝟏

√𝒙𝟐−𝟏
𝟑  

 

 

 

 

 

 

(b) 𝒈(𝜽) = 𝐜𝐨𝐬𝟐 𝜽 

 

 

 

 

 

 

(c) 𝒇(𝒕) = 𝒆𝒂𝒕 𝐬𝐢𝐧 𝒃𝒕 
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(d) 𝒚 = (𝒙 +
𝟏

𝒙
)
𝟓

 

 

 

 

 

 

 

(e) 𝒇(𝒛) = 𝒆𝒛/(𝒛−𝟏) 

 

 

 

 

 

 

 

(f) 𝑯(𝒓) =
(𝒓𝟐−𝟏)

𝟑

(𝟐𝒓+𝟏)𝟓
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(g) 𝒚 = 𝐜𝐨𝐬√𝐬𝐢𝐧(𝐭𝐚𝐧𝝅𝒙) 

 

 

 

 

 

 

 

 

 

 

 

(h) 𝒚 = [𝒙 + (𝒙 + 𝐬𝐢𝐧𝟐 𝒙)𝟑]𝟒 
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- At what point on the curve 𝒚 = √𝟏 + 𝟐𝒙 is the tangent line perpendicular to 

the line 𝟔𝒙 + 𝟐𝒚 = 𝟏? 
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- Let 𝒓(𝒙) = 𝒇 (𝒈(𝒉(𝒙))), where 𝒉(𝟏) = 𝟐, 𝒈(𝟐) = 𝟑, 𝒉′(𝟏) = 𝟒, 𝒈′(𝟐) = 𝟓, 

and 𝒇′(𝟑) = 𝟔. Find 𝒓′(𝟏). 

 


