@ Ch.4 — Applications of Differentiation

Section 4.2 - The Mean Value Theorem

\. .
- The Rolle’s Theorem: 22—

Let f be a function that satisfies the following three hypotheses:
1. f is continuous on the closed interval [a, b].

2. f is differentiable on the open interval (a, b).

3.f(a) = f(b)

Then there is a number c in (a, b) such that f'(c) = 0.
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Example 1

Prove that the equation x3 + x — 1 = 0 has exactly one real root.
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@ Ch.4 — Applications of Differentiation

\
- The Mean Value Theorem: ’%7
Let f be a function that satisfies the following hypotheses:
1. f is continuous on the closed interval [a, b].
2. f is differentiable on the open interval (a, b).
Then there is a number ¢ in (a, b) such that
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or, equivalently,

fb) = f(a) = f'(c)(b—-a)
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Example 2

Use Mean Value Theorem to show that 3c € [0,2] such that f'(c) = 3, where f(x) = x> — x.
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Example 3

Suppose that f(0) = —3 and f'(x) < 5 for all values of x. How large can f(2) possibly be?
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by
-If f'(x) = 0 for all x in an interval (a, b), then f is constant on (a, b).

°_r‘/~¥\<_/(('/ JJ\P/

-If f'(x) = g'(x) for all x in an interval (a, b), then f — g is constant on (a, b); that is,
f(x) = g(x) + cwherecisa constant
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Example 4

Prove the identity tan™! x + cot™! x = /2.
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Problems

-let f'(x) = ﬁ, Vx € Rand f(1) = 0. Show thatl—l1 < f(2) <%
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- Use the Mean Value Theorem to show that

1
(B+x)35<2+5;(x—5),vx>5
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x+1

-Let f(x) =—

x—1

(a) Show that there is no real number c € (0,2) such that f(2) — f(0) = 2f'(c)
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(b) Why does this not contradict the Mean Value Theorem?
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(x 0<x<1
'Letf(")_{z—x 1<x<?2

(a) Show that f(0) = f(2)
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(b) Show that f'(c) + 0,Vc € (0,2)
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(c) Does this contradict the Rolle’s Theorem? Explain.
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- Suppose that f is a continuous functionon [a, b] and f'(x) < 0,Vx € (a, b).
Use the Mean Value Theorem to show that f(b) < f(a)
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