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Section 4.2 – The Mean Value Theorem 

- The Rolle’s Theorem:  

Let 𝑓 be a function that satisfies the following three hypotheses: 

1. 𝑓 is continuous on the closed interval [𝑎, 𝑏]. 

2. 𝑓 is differentiable on the open interval (𝑎, 𝑏). 

3. 𝑓(𝑎) = 𝑓(𝑏) 

Then there is a number 𝑐 in (𝑎, 𝑏) such that 𝑓′(𝑐) = 0. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Example 1 

Prove that the equation 𝑥3 + 𝑥 − 1 = 0 has exactly one real root. 

Solution 
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- The Mean Value Theorem: 

Let 𝑓 be a function that satisfies the following hypotheses: 

1. 𝑓 is continuous on the closed interval [𝑎, 𝑏]. 

2. 𝑓 is differentiable on the open interval (𝑎, 𝑏). 

Then there is a number 𝑐 in (𝑎, 𝑏) such that 

𝑓′(𝑐) =
𝑓(𝑏) − 𝑓(𝑎)

𝑏 − 𝑎
 

or, equivalently, 

𝑓(𝑏) − 𝑓(𝑎) = 𝑓′(𝑐)(𝑏 − 𝑎) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Example 2 

Use Mean Value Theorem to show that ∃𝑐 ∈ [0,2] such that 𝑓′(𝑐) = 3, where 𝑓(𝑥) = 𝑥3 − 𝑥. 

Solution 
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Example 3 

Suppose that 𝑓(0) = −3 and 𝑓′(𝑥) ≤ 5 for all values of 𝑥. How large can 𝑓(2) possibly be? 

Solution 
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Example 4 

Prove the identity tan−1 𝑥 + cot−1 𝑥 = 𝜋/2. 

Solution 

 

 لاحظ

- If 𝑓′(𝑥) = 0 for all 𝑥 in an interval (𝑎, 𝑏), then 𝑓 is constant on (𝑎, 𝑏). 

 

 

 

- If 𝑓′(𝑥) = 𝑔′(𝑥) for all 𝑥 in an interval (𝑎, 𝑏), then 𝑓 − 𝑔 is constant on (𝑎, 𝑏); that is, 

 𝑓(𝑥) = 𝑔(𝑥) + 𝑐 where 𝑐 is a constant. 
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Problems 

- Let 𝒇′(𝒙) =
𝟏

𝟑+𝟐𝒙𝟐
, ∀𝒙 ∈ ℝ and 𝒇(𝟏) = 𝟎. Show that 

𝟏

𝟏𝟏
< 𝒇(𝟐) <

𝟏

𝟓
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- Use the Mean Value Theorem to show that 

(𝟑 + 𝒙)
𝟏

𝟑 < 𝟐 +
𝟏

𝟐
(𝒙 − 𝟓), ∀𝒙 > 𝟓 
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- Let 𝒇(𝒙) =
𝒙+𝟏

𝒙−𝟏
 

(a) Show that there is no real number 𝒄 ∈ (𝟎, 𝟐) such that 𝒇(𝟐) − 𝒇(𝟎) = 𝟐𝒇′(𝒄) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(b) Why does this not contradict the Mean Value Theorem? 
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- Let 𝒇(𝒙) = {
𝒙              𝟎 ≤ 𝒙 ≤ 𝟏
𝟐 − 𝒙      𝟏 < 𝒙 ≤ 𝟐

 

(a) Show that 𝒇(𝟎) = 𝒇(𝟐) 

 

 

 

 

 

(b) Show that 𝒇′(𝒄) ≠ 𝟎, ∀𝒄 ∈ (𝟎, 𝟐) 

 

 

 

 

 

 

 

(c) Does this contradict the Rolle’s Theorem? Explain. 
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- Suppose that 𝒇 is a continuous function on [𝒂, 𝒃] and 𝒇′(𝒙) < 𝟎, ∀𝒙 ∈ (𝒂, 𝒃). 

Use the Mean Value Theorem to show that 𝒇(𝒃) < 𝒇(𝒂) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 


