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Section 5.2 – The Definite Integral 

- Riemann sum 

 

 

 

 

 

 

 

𝑅𝑛 = ∑ 𝑓(𝑥𝑖
∗)∆𝑥𝑖

𝑛

𝑖=1

= 𝑓(𝑥1
∗)∆𝑥1 + 𝑓(𝑥2

∗)∆𝑥2 + ⋯ + 𝑓(𝑥𝑛
∗ )∆𝑥𝑛 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Section 5.2 – The Definite Integral 

99033673          Azha.education   

2 

 

 

 

 

 

 

 
` 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Example 1 

Evaluate the Riemann sum for 𝑓(𝑥) = 𝑥3 − 6𝑥, taking the sample points to be right endpoints 

and 𝑎 = 0, 𝑏 = 3, and 𝑛 = 6. 

Solution 
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- If 𝑓 is integrable on [𝑎, 𝑏], then 

∫ 𝑓(𝑥)
𝑏

𝑎

𝑑𝑥 = lim
𝑛→∞

∑ 𝑓(𝑥𝑖)∆𝑥

𝑛

𝑖=1

 

where    ∆𝑥 =
𝑏−𝑎

𝑛
 and  𝑥𝑖 = 𝑎 + 𝑖∆𝑥 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

- The Midpoint Rule 

∫ 𝑓(𝑥)
𝑏

𝑎

𝑑𝑥 ≈ ∑ 𝑓(𝑥̅𝑖)∆𝑥

𝑛

𝑖=1

= ∆𝑥[𝑓(𝑥̅1) + ⋯ + 𝑓(𝑥̅2)] 

where    ∆𝑥 =
𝑏−𝑎

𝑛
  

and  𝑥̅𝑖 = 1

2
(𝑥𝑖−1 + 𝑥𝑖) = midpoint of [𝑥𝑖−1, 𝑥𝑖] 
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Example 2 

Use the Midpoint Rule with 𝑛 = 5 to approximate 

∫
1

𝑥

2

1

𝑑𝑥 

Solution 
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- Properties of the Integral 

1. ∫ 𝑐
𝑏

𝑎
𝑑𝑥 = 𝑐(𝑏 − 𝑎),  where 𝑐 is any constant 

2. ∫ 𝑐𝑓(𝑥)
𝑏

𝑎
𝑑𝑥 = 𝑐 ∫ 𝑓(𝑥)

𝑏

𝑎
𝑑𝑥, where 𝑐 is any constant 

3. ∫ [𝑓(𝑥) + 𝑔(𝑥)]
𝑏

𝑎
𝑑𝑥 = ∫ 𝑓(𝑥)

𝑏

𝑎
𝑑𝑥 + ∫ 𝑔(𝑥)

𝑏

𝑎
𝑑𝑥 

4. ∫ [𝑓(𝑥) − 𝑔(𝑥)]
𝑏

𝑎
𝑑𝑥 = ∫ 𝑓(𝑥)

𝑏

𝑎
𝑑𝑥 − ∫ 𝑔(𝑥)

𝑏

𝑎
𝑑𝑥 

5. ∫ 𝑓(𝑥)
𝑐

𝑎
𝑑𝑥 + ∫ 𝑓(𝑥)

𝑏

𝑐
𝑑𝑥 = ∫ 𝑓(𝑥)

𝑏

𝑎
𝑑𝑥 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Example 3 

Use the properties of integrals to evaluate 

∫ ൬4 +
1

𝑥
൰

2

1

𝑑𝑥 

Solution 
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- Comparison Properties of the Integral 

6. If 𝑓(𝑥) ≥ 0 for 𝑎 ≤ 𝑥 ≤ 𝑏, then ∫ 𝑓(𝑥)
𝑏

𝑎
𝑑𝑥 ≥ 0. 

7. If 𝑓(𝑥) ≥ 𝑔(𝑥) for 𝑎 ≤ 𝑥 ≤ 𝑏, then ∫ 𝑓(𝑥)
𝑏

𝑎
𝑑𝑥 ≥ ∫ 𝑔(𝑥)

𝑏

𝑎
𝑑𝑥. 

8. If 𝑚 ≤ 𝑓(𝑥) ≤ 𝑀 for 𝑎 ≤ 𝑥 ≤ 𝑏, then  

𝑚(𝑏 − 𝑎) ≤ ∫ 𝑓(𝑥)
𝑏

𝑎

𝑑𝑥 ≤ 𝑀(𝑏 − 𝑎) 

 

 

 

 

 

 

 

 

 

Example 4 

If it is known that ∫ 𝑓(𝑥)
10

0
𝑑𝑥 = 17 and ∫ 𝑓(𝑥)

8

0
𝑑𝑥 = 12, find ∫ 𝑓(𝑥)

10

8
𝑑𝑥 

Solution 

 

Example 5 

Use Property 8 to estimate∫ 𝑒−𝑥21

0
𝑑𝑥. 

Solution 
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- Area under the curve  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Example 6 

Evaluate the following integrals by interpreting each in terms of areas. 

(a) ∫ ξ1 − 𝑥21

0
𝑑𝑥 

(b) ∫ (𝑥 − 1)
3

0
𝑑𝑥 

Solution 

 

 لاحظ

∫ 𝑓(𝑥)
𝑎

𝑏

𝑑𝑥 = − ∫ 𝑓(𝑥)
𝑏

𝑎

𝑑𝑥 

∫ 𝑓(𝑥)
𝑎

𝑎

𝑑𝑥 = 0 
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Problems 

- Evaluate the integral by interpreting it in terms of areas. 

(a) ∫ (𝒙 − ξ𝟐𝟓 − 𝒙𝟐)
𝟓

−𝟓
𝒅𝒙 

 

 

 

 

 

 

 

 

 

(b) ∫ |𝟐𝒙 − 𝟏|
𝟏

𝟎
𝒅𝒙 

 

 

 

 

 

 

 

 

 

 



Ch.5 – Integrals 

99033673          Azha.education   

9 

- Write as a single integral in the form ∫ 𝒇(𝒙)
𝒃

𝒂
𝒅𝒙: 

∫ 𝒇(𝒙)
𝟐

−𝟐

𝒅𝒙 + ∫ 𝒇(𝒙)
𝟓

𝟐

𝒅𝒙 − ∫ 𝒇(𝒙)
−𝟏

−𝟐

𝒅𝒙 

 

 

 

 

 

 

 

 

 

 

- If ∫ 𝒇(𝒙)
𝟖

𝟐
𝒅𝒙 = 𝟕. 𝟑 and ∫ 𝒇(𝒙)

𝟒

𝟐
𝒅𝒙 = 𝟓. 𝟗, find ∫ 𝒇(𝒙)

𝟖

𝟒
𝒅𝒙. 

 

 

 

 

 

 

 

 

 



Section 5.2 – The Definite Integral 

99033673          Azha.education   

10 

- Find ∫ 𝒇(𝒙)
𝟓

𝟎
𝒅𝒙 if 

𝒇(𝒙) = {
𝟑     for     𝒙 < 𝟑
𝒙     for     𝒙 ≥ 𝟑
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- Use the properties of integrals to verify the inequality without evaluating the 

integrals. 

(a) ∫ ξ𝟏 + 𝒙𝟐𝟏

𝟎
𝒅𝒙 ≤ ∫ ξ𝟏 + 𝒙

𝟏

𝟎
𝒅𝒙 

 

 

 

 

 

 

 

(b) 
𝝅

𝟏𝟐
≤ ∫ 𝐬𝐢𝐧 𝒙

𝝅/𝟑

𝝅/𝟔
𝒅𝒙 ≤

ξ𝟑𝝅

𝟏𝟐
 

 

 

 


