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Section 5.5 – The Substitution Rule 

- Integrating non-standard functions 

∫2𝑥√1 + 𝑥2𝑑𝑥 

 

 

 

 

 

 

 

 

- The substitution Rule  

If 𝑢 = 𝑔(𝑥) is a differentiable function whose range is an interval 𝐼 and 𝑓 is continuous on 𝐼, 

then 

∫𝑓(𝑔(𝑥)) 𝑔′(𝑥)𝑑𝑥 = ∫𝑓(𝑢) 𝑑𝑢 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Example 1 

Find 

∫𝑥3 cos(𝑥4 + 2) 𝑑𝑥 

Solution 
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Example 2 

Evaluate 

∫ξ2𝑥 + 1𝑑𝑥 

Solution 

 

Example 3 

Find 

∫
𝑥

ξ1 − 4𝑥2
𝑑𝑥 

Solution 
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Example 4 

Calculate 

∫ 𝑒5𝑥 𝑑𝑥 

Example 5 

Calculate 

∫√1 + 𝑥2𝑥5 𝑑𝑥 

Solution 

 

Solution 
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- The Substitution Rule for Definite Integrals  

If 𝑔′ is continuous on [𝑎, 𝑏] and 𝑓 is continuous on the range of 𝑢 = 𝑔(𝑥), then 

∫ 𝑓(𝑔(𝑥))𝑔′(𝑥)
𝑏

𝑎

𝑑𝑥 = ∫ 𝑓(𝑢)
𝑔(𝑏)

𝑔(𝑎)

𝑑𝑢 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Example 7 

Evaluate 

∫ ξ2𝑥 + 1
4

0

𝑑𝑥 

Solution 
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Example 8 

Evaluate 

∫
𝑑𝑥

(3 − 5𝑥)2

2

1

 

Solution 

 

Example 9 

Evaluate 

∫
ln𝑥

𝑥

𝑒

1

𝑑𝑥 

Solution 
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- Symmetry 

Suppose 𝑓 is continuous on [−𝑎, 𝑎]. 

 

∫ 𝑓(𝑥)
𝑎

−𝑎

𝑑𝑥 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

𝑓 is odd 𝑓 is even 

Solution 

 

Example 10 

Evaluate 

∫ (𝑥6 + 1)
2

−2

𝑑𝑥 
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Problems 

- Evaluate the integral by making the given substitution. 

(a) ∫𝒙𝒆−𝒙
𝟐
𝒅𝒙, 𝒖 = −𝒙𝟐 

 

 

 

 

 

 

 

 

 

 

(b) ∫ 𝐬𝐢𝐧𝟐 𝜽 𝐜𝐨𝐬𝜽𝒅𝜽, 𝒖 = 𝐬𝐢𝐧𝜽 
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- Evaluate the indefinite integral. 

(a) ∫𝒆−𝟓𝒓 𝒅𝒓 

 

 

 

 

 

 

(b) ∫
𝐬𝐢𝐧 ξ𝒙

ξ𝒙
𝒅𝒙 

 

 

 

 

 

 

 

(c) ∫𝒆𝐜𝐨𝐬 𝒕 𝐬𝐢𝐧 𝒕𝒅𝒕 
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(d) ∫
𝒙

𝟏+𝒙𝟒
𝒅𝒙 

 

 

 

 

 

 

 

 

(e) ∫
𝟏+𝒙

𝟏+𝒙𝟐
𝒅𝒙 
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- Evaluate the definite integral. 

(a) ∫
𝒆𝟏/𝒙

𝒙𝟐

𝟐

𝟏
𝒅𝒙 

 

 

 

 

 

 

 

 

 

 

 

(b) ∫ 𝐜𝐨𝐬 𝒙 𝐬𝐢𝐧(𝐬𝐢𝐧 𝒙)
𝝅/𝟐

𝟎
𝒅𝒙 
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(c) ∫
𝒆𝒚+𝟏

𝒆𝒚+𝒚

𝟏

𝟎
𝒅𝒚 

 

 

 

 

 

 

 

 

 

 

(d) ∫
𝐭𝐚𝐧𝒙

𝟏+𝒙𝟐+𝒙𝟒

𝟏

−𝟏
𝒅𝒙 

 

 

 

 

 

 

 

 

 

 

 


